Since in some application mathematical problems finding the analytical solution is too complicated, in recent years a lot of attention has been devoted by researchers to find the numerical solution of this equations. In this paper, an application of the Bernstein polynomials expansion method is applied to solve linear second kind Fredholm and Volterra integral equations systems. This work reduces the integral equations system to a linear system in generalized case such that the solution of the resulting system yields the unknown Bernstein coefficients of the solutions. Illustrative examples are provided to demonstrate the preciseness and effectiveness of the proposed technique. The results are compared with the exact solution by using computer simulations.
Introduction
As a matter of fact, it might be said that many phenomena of almost all practical engineering and applied science problems like physical applications, potential theory and electrostatics are reduced to solving integral equations. Since these equations usually cannot be solved explicitly, so it is required to obtain approximate solutions. There are numerous numerical methods which have been focusing on the solution of integral equations. For example, Tricomi in his book [] , introduced the classical method of successive approximations for integral equations. Variational iteration method [] and Adomian decomposition method [] were effective and convenient for solving integral equations. Also, the Homotopy analysis method (HAM) was proposed by Liao [] and then has been applied in [] . Taylor expansion approach was presented for solving integral equations by Kanwal and Liu in [] and then has been extended in [, ] . In addition, Babolian et al. [] solved some integral equations systems by using the orthogonal triangular basis functions. Jafari et al.
[] applied Legendre wavelets method to find numerical solution system of linear integral equations. Moreover, some different valid methods for solving this kind of equations have been developed. First time, the Bernstein polynomials have been used for the solution of some linear and nonlinear differential equations in [-]. Mandal and Bhattacharya [] obtained approximate numerical solutions of some classes of integral equations by using Bernstein polynomials. Also, they used these polynomials to approximate solution of linear Volterra integral equations [] . In addition, Maleknejad et al. [] has applied the polynomials for solving Volterra integral equations of the second kind. Furthermore, in [] an architecture of artificial neural networks (ANNs) was suggested to approximate http://www.advancesindifferenceequations.com/content/2013/1/123 solution of linear integral equations systems. For this aim, first the truncations of the Taylor expansions for unknown functions were substituted in the original system. Then the proposed neural network has been applied for adjusting the real coefficients of the given expansions in the resulting system.
In this paper, we are going to propose a new numerical approach to approximate the solutions of linear Fredholm and Volterra integral equations systems of the second kind. This method converts the given systems with unique solutions, into a system of linear algebraic equations in generalized case. To do this, first the Bernstein polynomials of certain degree n of unknown functions are substituted in the given integral equations system. Suppose that the given closed interval [a, b] is partitioned into uniform spacing (b -a)/n and nodes t i = a + ih (for i = , . . . , n). If we put t = t i (for i = , . . . , n), the given system of integral equations, yields a linear algebraic system. The solution of the resulting system yields the unknown Bernstein coefficients of the solution functions.
Here is an outline of the paper. Section  describes how to find approximate solutions of the given linear integral equations systems by using the proposed approach. In Section , the convergence of the method is established for each class of integral equations systems. Finally in Section , two numerical examples are provided and the results are compared with the analytical solutions to demonstrate the validity and applicability of the method. Also, a comparison is made with other numerical approaches that were proposed recently for solving the given systems.
The general method
The basic definition of integral equation is given in [, , ]. In this section, we intend to use the Bernstein polynomials to get a new numerical method for solving the linear Fredholm and Volterra integral equations systems of the second kind. In other words, it will be described how to apply these polynomials for approximating solutions of the unknowns in the systems.
System of the Fredholm integral equations
In this subdivision, we want to obtain a numerical solution of the linear Fredholm integral equations system of the second kind in the form
Let us consider where a j,p = F j (a + ph) and h = (b -a)/n, which are the Bernstein expansions of degree n for the unknown functions F j (t) for j = , . . . , m. After substituting these polynomials instead of the unknowns in the system (), we have:
In order to find a j,n in Eq. (), the system () is converted to an algebraic system of linear equations by replacing t with t p = a + p(b -a)/n (for p = , . . . , n). Notice that in this way we can skip the singularity problem. After this work, the system is transformed to the following form:
For brevity, we define below symbols as:
Now we can write the system () in the form
Consequently, the expression () can be summarized in a matrix form as follows:
where
Parochial matrices W (i,j) , V (i,j) for (i, j = , . . . , m) are defined with following elements:
and V
The resulting generalized linear system can be solved for a j,p for j = , . . . , m; p = , . . . , n by a standard method, and hence F j (t) is obtained.
System of Volterra integral equations
At first, consider again the system of linear Volterra integral equations (). For numerical solving of the present system, the unknown function F j (t) is approximated by its Bernstein approximation (). Now we have the following system:
Similarly, by replacing the variable t with t p = a + p(b -a)/n for p = , . . . , n, we obtain the generalized linear system
and
In the above generalized linear system, the symbols are defined as follows:
Convergence analysis
In this section, we prove that the present numerical method converges to the exact solutions of the systems () and ().
Theorem  Let F j,n (t) for j = , . . . , m be the Bernstein polynomials of degree n such that their coefficients have been produced by solving the generalized linear system (). Then the given polynomials converge to the exact solution of the Fredholm integral equations system (), when n → +∞.
Proof Consider the system (). Since the series () converge to F j (t) for j = , . . . , m, respectively, then we conclude that:
and it holds that
We defined the error function e n (t) by subtracting Eqs. () and () as follows:
We must prove that when n → +∞, the error function e n (t) tends to zero. Hence, we proceed as follows:
Since k i,j and A j are bounded, therefore, F j (s) -F j,n (s) →  implies that e n →  and the proof is completed.
. , m are the Bernstein polynomials of degree n such that their coefficients have been produced by solving the generalized linear system ().
Then the given polynomials converge to the exact solution of the Volterra integral equations system (), when n → +∞.
Proof Consider the system (). Using a similar procedure as an outline in mentioned Theorem , we have the following corollary in which we are refrained from going through proof details. Now the error of the approximation method can be written as
Due to Theorem , the error function e n (t) must tend to zero, when n → +∞. Hence, we proceed as follows:
Since k i,j and A j are bounded, therefore, (F j (s) - Example  Consider the system of linear Fredholm integral equations
where the exact solution is F  (t) = e t and F  (t) =  -t . In this example, we illustrate the use of the present technique to approximate solution of this integral equations system. Using Eq. (), the coefficients matrices W , V and E are calculated for n =  as following:
where 
Now by using the above matrices, thevector solution of the generalized linear system () is obtained as follows:
Consequently, the approximate functions F , (t) and F , (t) can be written as follows:
Figures  and  show the accuracy of the solution functions F , (t) and F , (t), respectively. As shown, the difference between the exact solutionand the computed solution is dispensable. Numerical results can be seen in Table  and also Table  Example  Let the system of linear Volterra integral equations 
The exact solution of the present problem is, F  (t) = sin(t) and F  (t) = e t . Similarly, the present method is applied to approximate solution of the integral equations system. We calculate the coefficients matrices W , V and E by using Eq. () for n =  as following:
where with the exact solution, F  (t) = t + , F  (t) = t  - and F  (t) = t  + t + . Again,we solved this example by this method and the results are given in Table . Table  illustrates the absolute errors of ANN method and TQR for this example.
As we can see this method will be useful when the exact solution is a polynomial. In other word, the proposed method give the analytical solution for the system, if the exact solution be polynomials of degree n or less than n.
Conclusions
In some cases, an analytical solution cannot be found for integral equations system, therefore, numerical methods have been applied. In this study, we have worked out a computational method to approximate solution of the Fredholm and Volterra integral equations systems of the second kind. The present course is a method for approximating unknown functions in terms of truncated sequences including Bernstein polynomials. It is clear that to get the best approximating solutions of the given systems, the truncation degree n must be chosen large enough. An interesting feature of this method is finding the analytical solution for given system, if the exact solution be polynomials of degree n or less than n.
